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Abstract
The isolated horizon framework was introduced in order to provide a local
description of black holes that are in equilibrium with their (possibly dynamic)
environment. Over the past several years, the framework has been extended
to include matter fields (dilaton, Yang-Mills etc) in D = 4 dimensions and
cosmological constant in D ≥ 3 dimensions. In this article we present a further
extension of the framework that includes black holes in higher-dimensional
Einstein-Gauss-Bonnet (EGB) gravity. In particular, we construct a covariant
phase space for EGB gravity in arbitrary dimensions which allows us to derive
the first law. We find that the entropy of a weakly isolated and non-rotating
horizon is given by
S = 1
4GD
∮
SD−2
ǫ˜(1 + 2αR) .
In this expression SD−2 is the (D− 2)-dimensional cross section of the horizon
with area form ǫ˜ and Ricci scalarR, GD is the D-dimensional Newton constant
and α is the Gauss-Bonnet parameter. This expression for the horizon entropy
is in agreement with those predicted by the Euclidean and Noether charge
methods. Thus we extend the isolated horizon framework beyond Einstein
gravity.
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1 Introduction
The isolated horizon framework [1–4] provides a very elegant mathematical descrip-
tion of the mechanics of black holes by replacing the event horizon with an inner
boundary contained in the spacetime manifold. There are several reasons to use
this quasilocal description of black holes in favour of the old one that was devel-
oped in the seventies [5–8]. Among the more significant are the following: (i) The
conventional definition of a black hole is of a non-local nature because the entire
future of the spacetime must be known before the event horizon can be located;
(ii) If a black hole is assumed to be in equilibrium, then the surrounding spacetime
must also be in equilibrium. This situation is clearly not realistic, as radiation and
other forms of matter outside the black hole may be dynamical, while only the hole
itself is in equilibrium; and (iii) The conventional definitions of energy and angular
momentum for a black hole are defined in terms of asymptotic infinity; the first law,
for instance, relates quantities that are defined at spatial infinity to quantities that
are defined at the horizon. Clearly, then, a more local notion of black holes must
be introduced to take these issues into account.
Isolated horizons provide such a description, by “imitating” the existence of a
Killing vector that becomes null at the horizon. It turns out that the existence of an
expansion-free null normal at the horizon is sufficient for the zeroth and first laws
of black-hole mechanics to be satisfied. This is the only physical assumption in the
boundary conditions. In particular, the zeroth law follows from basic differential
geometry, the energy conditions and the Raychaudhuri equation. The first law then
follows as a necessary and sufficient condition in the Hamiltonian evolution upon
choosing an appropriate time translation vector field that points in the direction of
the null normal. However, unlike its predecessor, the first law for an isolated horizon
relates quantities that are all defined on the horizon. For example, the first law for
rotating isolated horizons in Einstein-Maxwell (EM) theory states that variations of
the mass M∆, surface area a∆, angular momentum J∆ and charge Q∆ are related
via
δM∆ =
κ
8πG
δa∆ +ΩδJ∆ +ΦδQ∆ ; (1)
the parameters κ, Ω, Φ are, respectively, the surface gravity, angular velocity and
electric potential. This is the equilibrium form of the first law which relates the
changes between two nearby equilibrium states within the space of all solutions.
Isolated horizons have been extensively studied in Einstein gravity. In particular,
the canonical phase space and covariant phase space were constructed first in terms
of complex self-dual connections and SL(2,C) soldering forms [9–11]. Shortly after-
wards followed a detailed study of dilaton couplings and Yang-Mills fields [12, 13].
The formalism was then refined and polished by re-expressing the covariant phase
space in terms of real Lorentz connections and tetrads [14], which paved the way
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for extensions to include e.g. rotation [15] and non-minimally coupled scalar fields
[16]. Geometrical issues were extensively studied in [17–19]. The framework was ex-
tended to higher-dimensional spacetimes in [20–22]. Important questions that need
to be addressed are the following: Can the isolated horizon framework be extended
beyond Einstein gravity? ; and, if so, Can the resulting framework be extended to in-
clude matter couplings? The aim of the present work is to answer the first of these
questions in the affirmative, by extending the framework to Einstein-Gauss-Bonnet
(EGB) gravity in arbitrary dimensions.
2 Gauss-Bonnet term in the second-order formulation
The appearance of curvature-squared terms in the effective action for gravity from
superstring theory is well known [23]. This alone is enough justification for studying
the effects of these extra terms on gravitational objects in higher dimensions. In
addition, there are now other physical models of unification that employ a large extra
dimension, including e.g. braneworld cosmology [24] and induced-matter theory
[25].
In four dimensions, there is a unique combination of higher-curvature terms
containing at most second derivatives of the metric gab (a, b, . . . ∈ {0, . . . , 3}) that
can be added to the Einstein-Hilbert action, such that the equations of motion are
the (vacuum) Einstein field equations. This is the Gauss-Bonnet (GB) term [26, 27]
LGB = R2 − 4RabRab +RabcdRabcd , (2)
where Rabcd is the Riemann curvature tensor, Rab = R
c
acb is the Ricci tensor and
R = gabRab is the Ricci scalar. In this paper we employ the convention of Wald
[28] for the Riemann tensor; the definition is given by equation (58) in Appendix
A. The complete action on a four-dimensional manifold (M, gab) (assumed for the
moment to have no boundaries) with cosmological constant Λ is then given by
S =
1
16πG
∫
M
d4x
√−g(R− 2Λ + αLGB) . (3)
Here, α is the GB parameter. In four dimensions, the GB term is a topological
invariant ofM known as the Euler charactersistic χ(M), and (up to surface terms)
does not contribute to the equations of motion. In D ≥ 5 dimensions, however,
the GB term is no longer a topological invariant of M (see §3 below), and gives
non-trivial modifications to the dynamics of gravity. This is precisely what happens
with the Einstein-Hilbert action: it is the Euler characteristic of a two-dimensional
manifold, but in D ≥ 3 dimensions describes the dynamics of spacetime! Therefore
the GB term cannot be excluded from the action principle in dimensions D ≥ 5.
Moreover, from the superstring theory point of view, the GB term is the only
combination of curvature-squared interactions for which the low-energy effective
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action is ghost-free [29]. Therefore we consider here the gravitational action
S =
1
2kD
∫
M
dDx
√−g(R− 2Λ + αLGB) , (4)
where now the indices run a, b, . . . ∈ {0, . . . ,D − 1}. In this work, we use the
standard convention for the coupling constant such that kD = 8πGD with GD the
D-dimensional Newton constant [30]. The cosmological constant is given by
Λ =
ε
2l2
(D − 1)(D − 2) , (5)
where ε ∈ {−1, 1} and l is the de Sitter radius [31]. In braneworld models one usually
only considers the case for which ε = −1, i.e. asymptotically adS spacetime.
The equations of motion are given by δS = 0, where δ is the first variation;
i.e. the stationary points of the action. Varying the action (4) with respect to the
metric gives the EGB field equations
Gab = −Λgab + α
[
1
2
LGBgab − 2RRab + 4RacR cb + 4RacbdRcd − 2RacdeR cdeb
]
Gab ≡ Rab − 1
2
Rgab . (6)
When α = 0 these equations reduce to the Einstein field equations Gab = −Λgab.
The EGB equations admit the following class of (static) black hole solutions [33]:
ds2 = −h(r)dt2 + dr
2
h(r)
+ r2dΩ2(k)D−2
h(r) = k +
r2
2α˜
(
1−
√
1− 8α˜Λ
(D − 1)(D − 2) +
8kDα˜M
(D − 2)V(k)D−2rD−1
)
. (7)
Here, V(k)N−1 = πN/2/Γ(N/2 + 1) is the volume of an (N − 1)-dimensional space
SN−1 ≡ SN−1(k) of constant curvature with metric dΩ2(k)N−1; k is the curvature index
with k = 1 corresponding to positive constant curvature, k = −1 corresponding to
negative constant curvature, and k = 0 corresponding to zero curvature. M is the
mass of the black hole, and α˜ is related to the GB parameter via
α˜ = (D − 3)(D − 4)α . (8)
The singular surfaces with radii r∗ are given by the roots to the equation h(r =
r∗) = 0. We denote the event horizon by r+. The location of this surface depends
on the sign of the cosmological constant: if Λ ≤ 0 then the largest root r+ is the
event horizon, and if Λ > 0 then the largest root is the cosmological horizon and
therefore the second largest root is the event horizon.
The thermodynamics of the black hole is determined in the usual way [32]. In
particular, the average energy 〈E〉 and entropy S are given by
〈E〉 = − ∂
∂β
(lnZ) and S = β〈E〉+ lnZ , (9)
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where lnZ is the (zero-loop) partition function and β is the inverse temperature.
The partition function is determined via lnZ = −I˜[g] by evaluating the Euclidean
action I˜[g] (in the stationary phase approximation where g are solutions to the equa-
tions of motion δ ∫ I˜ = 0), and the inverse temperature is determined by requiring
that the Euclidean manifold does not contain any conical singularities at r+ where
the manifold closes up. For the black hole solution (7) one finds that [33]
〈E〉 =M and S = AD−2r
D−2
+
4GD
[
1 +
(
D − 2
D − 4
)
2α˜k
r2+
]
. (10)
Here, AN−1 = 2πN/2/Γ(N/2) is the surface area of a unit (N − 1)-sphere. This
shows that the entropy acquires a correction due to the presence of the GB term. A
more geometrical expression for the entropy can be obtained by using the Noether
charge formalism [34–36]. For EGB gravity, one finds that the entropy is [37]
S =
1
4GD
∫
SD−2
dD−2x
√
h(1 + 2αR) , (11)
where R = Rijhij (i, j, . . . ∈ {0, . . . ,D − 2}) is the Ricci scalar determined by the
metric hij = r
2
+dΩ
2
(k)D−2 on the surface S
D−2. Note, however, that this surface
need not be a space of constant curvature. The assumption in the Noether charge
approach is stationarity; the existence of a globally-defined Killing vector field is
required. One purpose of the isolated horizon framework is to relax this assump-
tion, and to derive the zeroth and first laws of black-hole mechanics with minimal
conditions assumed about the spacetimes in question. In this sense the isolated
horizon framework generalizes the notion of a Killing horizon to include situations
where fields outside the horizon may be dynamical.
Let us now proceed to the connection formulation of EGB gravity, which will
pave the way to the construction of the corresponding covariant phase space.
3 Gauss-Bonnet term in the first-order formulation
In the connection formulation of general relativity, the configuration space consists
of the pair (eI , AIJ), where the co-frame e
I = e Ia dx
a determines the metric
gab = ηIJe
I
a ⊗ e Jb , (12)
and the connection AIJ = A
I
a Jdx
a determines the curvature two-form
ΩIJ = dA
I
J +A
I
K ∧AKJ . (13)
Internal indices I, J, . . . ∈ {0, . . . ,D−1} are raised and lowered using the Minkowski
metric ηIJ = diag(−1, 1, . . . , 1). The curvature defines the Riemann tensor RIJKL
via
ΩIJ =
1
2
RIJKLe
K ∧ eL . (14)
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The Ricci tensor is then RIJ = R
K
IKJ , and the Ricci scalar is R = η
IJRIJ . The
gauge covariant derivative D acts on generic fields ΨIJ such that
DΨIJ = dΨ
I
J +A
I
K ∧ΨKJ −AKJ ∧ΨIK . (15)
Finally, the co-frame defines the (D −m)-form
ΣI1...Im =
1
(D −m)!ǫI1...ImIm+1...IDe
Im+1 ∧ · · · ∧ eID , (16)
where the totally antisymmetric Levi-Civita tensor ǫI1...ID is related to the spacetime
volume element by
ǫa1...aD = ǫI1...IDe
I1
a1 · · · e IDaD . (17)
In this configuration space the action for EGB gravity becomes [26, 27]
S =
1
2kD
∫
M
ΣIJ ∧ΩIJ − 2Λǫ+ αΣIJKL ∧ ΩIJ ∧ ΩKL , (18)
where ǫ = e0 ∧ · · · ∧ eD−1 is the spacetime volume element. Here the equations
of motion are derived from independently varying the action with respect to the
connection and co-frame. The equation of motion for the connection is
D(ΣIJ + 2αΣIJKL ∧ ΩKL) = 0 . (19)
This equation says that, in general, there exists a non-vanishing torsion T I = DeI .
To see what constraints are imposed on T , we can use the Bianchi identity DΩIJ = 0
together with the identity
DΣI1...Im = De
M ∧ΣI1...ImM . (20)
Substituting these into equation (19) gives
T I ∧ (ΣIJK + 2αΣIJKLM ∧ ΩLM) = 0 . (21)
In analogy with Einstein gravity, we assume directly that the torsion in (21) van-
ishes. (The torsion in Einstein gravity is zero, but this is not an assumption. The
condition follows directly from the equation of motion for the connection.) To get
the equation of motion for the co-frame we note that the variation of Σ is given by
δΣI1...Im = δe
M ∧ ΣI1...ImM . (22)
This leads to
ΣIJK ∧ ΩJK − 2ΛΣI + αΣIJKLM ∧ΩJK ∧ ΩLM = 0 . (23)
The equations (19) and (23) for the connection and co-frame are equivalent to the
equations (6) in the metric formulation.
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Figure 1: The region of the D-dimensional spacetime M being considered has an
internal boundary ∆ representing the event horizon, and is bounded by two (partial)
Cauchy surfaces M± which intersect ∆ in (D − 2)-spaces S± and extend to the
boundary at infinity B.
4 Boundary conditions
The reasons to consider a quasilocal description of black holes were outlined in §1.
Therefore we proceed directly to the main definitions for the existence of an isolated
horizon, adapted here to EGB gravity in arbitrary dimensions.
We consider a D-dimensional spacetime manifold M with topology R × M
containing a (D−1)-dimensional null surface ∆ as inner boundary (representing the
event horizon), and is bounded by (D−1)-dimensional manifoldsM± that intersect
∆ in (D − 2)-spaces S± and extend to the boundary at infinity B. The manifold
M is said to be globally hyperbolic if it can be foliated by a one-parameter family
of spacelike hypersurfaces Mt. It follows that Mt are (partial) Cauchy surfaces.
Then, any wave equation with solutions restricted to M will have a well defined
initial-value formulation (see e.g. [38]). The outer boundary B is some arbitrary
(D−1)-dimensional surface, and is loosely referred to as the “boundary at infinity”.
In other words, we consider the purely quasilocal case and neglect any subleties that
are associated with the outer boundary. See Figure 1.
Definition I. A non-expanding horizon (∆, qab, ℓa) is a (D − 1)-dimensional null
hypersurface ∆ (with topology R× SD−2 ) together with a degenerate metric qab of
signature 0+ . . .+ (with D−2 non-degenerate spatial directions) and a null normal
ℓa such that: (a) the expansion θ(ℓ) of ℓa vanishes on ∆; (b) the field equations hold
on ∆; and (c) the Ricci tensor is such that −Rabℓb is a future-directed causal vector.
Condition (c) is analogous to the dominant energy condition imposed on any
matter fields that may be present in the neighbourhood of the horizon; in Einstein
gravity the condition is imposed on the stress-energy tensor, but here the condition
must be imposed directly on the Ricci tensor because Gab 6= kDTab. Conditions (a)
and (c) hold for any null normal regardless of the normalization of ℓ. Condition (a)
implies that the surface ∆ is “time-independent” in the sense that all of its cross-
sections have the same area. Condition (a) also implies that ∆ is a congruence of
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null geodesics, which in turn implies (by the Frobenius theorem) that the rotation
tensor is zero. The Raychaudhuri equation then implies that Rabℓ
aℓb = −σabσab,
where σab is the shear tensor. From condition (c) it follows that σab = 0 and
Rabℓ
aℓb = 0.
The vanishing of the expansion, rotation and shear implies that ∇a
←−
ℓb ≈ ωaℓb.
(We are using the convention from constrained Hamiltonian systems whereby “≈”
denotes equality restricted to a submanifold – in the present context the restriction
is to ∆ ⊂ M. The underarrow indicates pull-back to ∆.) Thus the one-form ω is
the natural connection (in the normal bundle) induced on the horizon. The “time-
independence” of ω on ∆ ensures the weak isolation of a non-expanding horizon:
Definition II. A weakly isolated horizon (∆, qab, [ℓ]) is a non-expanding horizon ∆
together with an equivalence class of null normals [ℓ] such that £ℓωa = 0 for all
ℓ ∈ [ℓ] (where ℓ′ ∼ ℓ if ℓ′ = cℓ for some constant c).
The above condition is a restriction on the rescaling freedom of ℓ. Now, for any
vector ta tangent to ∆ we have that
ta∇aℓb = taωaℓb ; (24)
in particular, because ℓa is tangent to ∆ we have that
ℓa∇aℓb = ℓaωaℓb , (25)
which means that ℓa is geodesic. This defines the surface gravity κ(ℓ) = ℓ
aωa. It
is important to keep in mind, however, that κ(ℓ) is an intrinsic property not of the
horizon but of the null normal; the rescaling freedom of ℓ means that if ℓ′ = fℓ for
some function f , then ω′a = ωa+∇a←−f and κ(fℓ) = fκ(ℓ)+£ℓf . Note that under this
rescaling ω transforms as a connection. This suggests that κ(ℓ) may not be constant
on ∆. It turns out that £ℓω ≈ 0 is sufficient to obtain d(ℓaωa) = 0 (see [14]). The
zeroth law therefore follows from the boundary conditions and is independent of the
functional content of the Lagrangian.
In this paper, for simplicity, we will restrict our attention to non-rotating weakly
isolated horizons. That is, we will assume that ωa = −κ(ℓ)na. Such horizons include,
but are not restricted to, those with spherical symmetry. The name arises from that
fact that the non-n components of ωa are associated with the angular momentum
of a horizon. Specifically, given a foliation of ∆ into spacelike (D − 2)-surfaces Sv
and a rotational vector field φa parallel to those surfaces, the angular momentum
of the horizon associated with φa on a given slice is
Jφ =
∮
Sv
ǫ˜φaωa , (26)
where ǫ˜ is the area form on the surface. Thus, for a non-rotating horizon, Jφ = 0 for
all rotational vector fields. For further discussion of rotational vectors and angular
momentum see, e.g. [15, 39] or one of the review articles [2–4].
8
5 Variation of the boundary term
We have seen that the boundary conditions for an isolated horizon need to be mod-
ified for EGB gravity by imposing the analogue of the dominant energy condition
directly on the Ricci tensor. In the action principle, the main modification to the
formalism is the appearance of an additional surface term. Let us therefore recon-
sider the action (18) but for a region of the manifold M that is bounded by null
surface ∆ and spacelike surfaces M± which extend to the (arbitrary) boundary B
(Figure 1).
Denoting the pair (e,A) collectively as a generic field variable Ψ, the first vari-
ation gives
δS =
1
2kD
∫
M
E[Ψ]δΨ +
D
2kD
∫
∂M
J [Ψ, δΨ] . (27)
Here E[Ψ] = 0 symbolically denotes the equations of motion and
J [Ψ, δΨ] = Σ˜IJ ∧ δAIJ (28)
is the surface term, with D = (−1)−(D−2) ≡ (−1)D and (D − 2)-form
Σ˜IJ = ΣIJ + 2αΣIJKL ∧ΩKL . (29)
If the integral of J on the boundary ∂M vanishes then the action principle is said
to be differentiable. We must show that this is the case. Because the fields are held
fixed at M± and at B, J vanishes there. So we only need to show that J vanishes
at the inner boundary ∆. To show that this is true we need to find an expression
for J in terms of A and Σ˜ pulled back to ∆. This is accomplished by fixing an
internal basis consisting of the (null) pair (ℓ, n) and D − 2 spacelike vectors ϑ(i)
(i ∈ {2, . . . ,D − 1}) such that
e0 = ℓ , e1 = n , ei = ϑ(i) , (30)
together with the conditions
ℓ · n = −1 , ℓ · ℓ = n · n = ℓ · ϑ(i) = n · ϑ(i) = 0 , ϑ(i) · ϑ(j) = δij . (31)
In the following we also apply the summation convention over repeated spacelike
indices (i, j, k etc.). As these are Euclidean indices their position (up or down) will
be adjusted according to the dictates of notational convenience. Thus, we employ
a higher-dimensional analogue of the Newman-Penrose (NP) formalism [40, 41].
To find the pull-back of A we first note that
∇a
←−
ℓI ≈ ∇a
←−
ebIℓb
≈ (∇a
←−
ebI)ℓb + e
b
I∇a←−ℓb
≈ ebIωaℓb
≈ ωaℓI , (32)
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where we used ∇aebI = 0 in going from the second to the third line (a consequence
of the metric compatibility of the connection). Now, taking the covariant derivative
of ℓ acting on internal indices gives
∇aℓI = ∂aℓI +AaIJ ℓJ , (33)
where ∂ is a flat derivative operator that is compatible with the internal co-frame
on ∆. Thus ∂aℓI ≈ 0 and ∇a
←−
ℓI ≈ A a
←−
IJℓ
J . Putting this together with (32) we have
that A a
←−
IJℓ
J ≈ ωaℓI , and this implies that the pull-back of A to the horizon is of
the form
A IJa
←−
≈ −2ℓ[InJ ]ωa + a(i)a ℓ[Iϑ J ](i) + b(ij)a ϑ
[I
(i) ϑ
J ]
(j) , (34)
where the a
(i)
a and b
(ij)
a are one-forms in the cotangent space T ∗(∆). It follows that
the variation of (34) is
δA IJa
←−
≈ −2ℓ[InJ ]δωa + δa(i)a ℓ[Iϑ J ](i) + δb(ij)a ϑ
[I
(i) ϑ
J ]
(j) . (35)
Then, either by direct calculation from (34) or from the considerations of Ap-
pendix A, it can be shown that on any weakly isolated and non-rotating horizon
the pull-back of the associated curvature is
Ω IJab
←−
≈ ϑ(k)a ϑ(l)b R ijkl ϑ I(i)ϑ J(j) + 2ℓ[Iϑ
J ]
(i) Ω
KL
ab
←−
ϑ
(i)
KnL , (36)
where R ijkl is the Riemann tensor associated with the (D − 2) metric q˜ab =
gab + ℓanb + naℓb. That is, given a foliation of ∆ into spacelike (D − 2)-surfaces,
the spacelike ϑa(i) give an orthonormal basis on those surfaces and R ijkl is the
corresponding curvature tensor; for a non-expanding horizon, these quantities are
independent of both the slice of the foliation and the particular foliation itself.
To find the pull-back to ∆ of Σ˜, we use the decomposition
e Ia
←−
≈ −ℓIna + ϑ I(i)ϑ(i)a , (37)
whence the (D − 2)-form
Σ←−IJ ≈ −
1
(D − 3)!ǫIJA1...AD−2ℓ
A1ϑ A2(i1) . . . ϑ
AD−2
(iD−3)
(
n ∧ ϑ(i1) ∧ · · · ∧ ϑ(iD−3)
)
+
1
(D − 2)!ǫIJA1...AD−2ϑ
A1
(i1)
. . . ϑ
AD−2
(iD−2)
(
ϑ(i1) ∧ · · · ∧ ϑ(iD−2)
)
, (38)
and in D ≥ 5 dimensions, the (D − 4)-form
Σ←−IJKL ≈ −
1
(D − 5)!ǫIJKLA1...AD−4ℓ
A1ϑ A2(i1) . . . ϑ
AD−4
(iD−5)
(
n ∧ ϑ(i1) ∧ · · · ∧ ϑ(iD−5)
)
+
1
(D − 4)!ǫIJKLA1...AD−4ϑ
A1
(i1)
. . . ϑ
AD−4
(iD−4)
(
ϑ(i1) ∧ · · · ∧ ϑ(iD−4)
)
. (39)
In four dimensions Σ←−IJKL = ǫIJKL.
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These expressions are somewhat formidable but on combining them to find Σ˜IJ∧
δAIJ there is significant simplification. The key is to note that each term includes
a total contraction of ǫI1...ID . This contraction must include one copy of each of ℓ
I ,
nI , and the ϑ I(i) – else that term will be zero. Similarly the resulting (D − 1) form
must be proportional to n ∧ ϑ(2) ∧ · · · ∧ ϑ(D−1). Then (28) becomes
J [Ψ, δΨ] ≈ ǫ˜ ∧ δω + 2α
(D − 4)!
(
ǫIJKLA1...AD−4ℓ
InJϑ K(k)ϑ
L
(l)ϑ
A1
(i1)
. . . ϑ
AD−4
iD−4
)
×R klmn ϑ(i1) ∧ · · · ∧ ϑ(iD−4) ∧ ϑ(m)ϑ(n) ∧ δω . (40)
The first and second terms respectively come from the Σ←−IJ and Σ←−IJKL parts of
Σ˜←−IJ while
ǫ˜ = ϑ(1) ∧ · · · ∧ ϑ(D−2) (41)
is an area element and we keep in mind that the horizon is non-rotating so that
ωa = −κ(ℓ)na. The second term therefore also simplifies. Given that there are only
(D − 4) elements in the spacelike basis it is reasonably easy to see that this term
sums over cases where (m,n) and (i, j) are the same set of indices. That is (up to
a numerical factor) the second term amounts to contracting m with i and n with j
so that the full surface term reduces to
J [Ψ, δΨ] ≈ ǫ˜(1 + 2αR) ∧ δω . (42)
The final step is to note that δℓ ∝ ℓ for some ℓ fixed in [ℓ], and this together
with £ℓω = 0 implies that £ℓδω = 0. However, ω is held fixed on M
± which means
that δω = 0 on the initial and final cross-sections of ∆ (i.e. on M− ∩ ∆ and on
M+ ∩ ∆), and because δω is Lie dragged on ∆ it follows that J ≈ 0. Therefore
the surface term J |∂M = 0 for EGB gravity, and we conclude that the equations of
motion E[Ψ] = 0 follow from the action principle δS = 0.
6 Covariant phase space and the first law
In order to derive the first law we need to find the symplectic structure on the
covariant phase space Γ consisting of solutions (e,A) to the EGB field equations
on M. Generally, the antisymmetrized second variation of the surface term gives
the symplectic current, and integrating over a partial Cauchy surface M gives the
symplectic structure (the choice of M being arbitrary). Following [14], we find that
the second variation of the EGB surface term (28) gives
J [Ψ, δ1Ψ, δ2Ψ] = D
[
δ1Σ˜IJ ∧ δ2AIJ − δ2Σ˜IJ ∧ δ1AIJ
]
; (43)
integrating over M defines the bulk symplectic structure
Ωbulk(δ1, δ2) =
D
2kD
∫
M
[
δ1Σ˜IJ ∧ δ2AIJ − δ2Σ˜IJ ∧ δ1AIJ
]
. (44)
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In addition, we need to find the pull-back of J to ∆ and add the integral of this
term to Ωbulk so that the resulting symplectic structure on Γ is conserved. From
(42) we find that
Ωsurface ≈ D
kD
∫
∆
[δ1 [ǫ˜(1 + 2αR)] ∧ δ2ω − δ2 [ǫ˜(1 + 2αR)] ∧ δ1ω] . (45)
It turns out that this term is a total derivative. To see this we define a potential ψ
for the surface gravity such that
£ℓψ = κ(ℓ) . (46)
Taking this into account, and using the Stokes theorem, the total derivative over ∆
becomes an integral over SD−2. The full symplectic structure for EGB gravity is
therefore
Ω(δ1, δ2) =
1
2kD
∫
M
[
δ1Σ˜IJ ∧ δ2AIJ − δ2Σ˜IJ ∧ δ1AIJ
]
+
1
kD
∮
SD−2
[δ1 [ǫ˜(1 + 2αR)] ∧ δ2ψ − δ2 [ǫ˜(1 + 2αR)] ∧ δ1ψ] ,
(47)
where we have absorbed the overall (irrelevant) factor of D.
We can now proceed to derive the first law. To do so we need to specify a time
evolution vector field ta. Just as for Killing horizons, this vector field is required to
approach an asymptotic time translation at infinity, and at the horizon must be a
symmetry. Therefore we can restrict this vector field to the equivalence class [ℓ] of
null vectors on the horizon. (For a rotating horizon we would also add a rotational
vector ΩRa with Ω the angular velocity of the horizon.) The system is said to be
Hamiltonian iff there exists a function Ht such that
Ω(δ, δt) = δHt . (48)
Evaluating the symplectic structure (47) with (δ, δt) gives two surface terms, one at
infinity (which is identified with the ADM energy), and one at the horizon. At the
horizon, we find that
Ω|∆(δ, δt) =
κ(t)
kD
δ
∮
SD−2
ǫ˜(1 + 2αR) . (49)
Here, we used κ(t) = £tψ = t · ω. The right hand side will be a total variation
if the normalization of ta is chosen such that the functional dependence of the
surface gravity is κ(t) = κ(t)(
∮
SD−2 ǫ˜(1 + 2αR)). The vector fields with this type of
normalization are commonly referred to as “live” vector fields. For details see e.g.
[14] for non-rotating horizons and [15] for rotating horizons. With this choice made,
the right hand side in the above expression is a total variation, i.e. there exists a
function E∆ such that Ω|∆(δ, δt) = δE∆. We conclude that
δE∆ =
κ(t)
kD
δ
∮
SD−2
ǫ˜(1 + 2αR) , (50)
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which is the first law for the isolated horizon with energy E∆. In its standard
form, the first law of thermodynamics (for a quasi-static process) is δE = TδS +
(work terms). Here, the temperature is T = κ(t)/2π. This identifies the entropy of
the isolated horizon:
S = 1
4GD
∮
SD−2
ǫ˜(1 + 2αR) . (51)
This expression is in exact agreement with the Noether charge expression (11). As
in that approach, no assumptions about the cross sections SD−2 of the horizon
need to be made. An important difference, however, is that we did not assume
the existence of a globally-defined Killing vector. Instead we had to specify the
existence of a time translation vector field which mimics the properties of a Killing
vector but is not defined for the entire spacetime. For the black hole solution (7)
with Λ = 0 and k = 1, the Ricci scalar is R = (D−2)(D−3)/r2+ (the Ricci scalar of
a (D− 2)-sphere with radius r+), and (51) reduces to (10). Our entropy expression
is therefore in agreement with the Euclidean expression as well. In our derivation,
however, the entropy (51) automatically satisfies the first law (50). Note that it is
possible to have black holes with negative entropies for negative constant curvature
horizons when 2αR < 1. This was first discovered by Cveticˇ et al in [42] and later
confirmed by Clunan et al [37]. For non-rotating horizons, the first law (50) implies
that the energy is also negative; this is not surprising, as negative-energy solutions
are possible when Λ < 0 [43].
7 Discussion
We have shown that the isolated horizon framework can be extended beyond Ein-
stein gravity. By constructing a covariant phase space for EGB gravity in arbitrary
dimensions, we derived an expression for the entropy of the corresponding isolated
horizons. This derivation is classical. The next step is to study the quantum ge-
ometry of the horizons using the state-counting arguments that were developed by
Ashtekar et al [44–46], specifically for the five-dimensional solution (7). This should
lead to some interesting physics. In fact, inclusion of the GB term has physical ef-
fects in four dimensions as well, because the variation δLGB |M4 = δχ(M4) gives a
surface term that cannot be excluded if M4 has boundaries [47].
In this paper we considered vacuum gravity. An obvious question is whether the
first law holds for cases where gravity is coupled to matter. This has been studied
extensively for Einstein gravity in four dimensions [12–14, 16]. The situation is
different in higher dimensions. For instance, the only Lagrangian for gravity coupled
to electromagnetism in four dimensions is the EM Lagrangian
SEM =
1
16πG
∫
M
ΣIJ ∧ ΩIJ − 1
4
F ∧ ⋆F , (52)
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where F = dA is the curvature of the potential one-formA and ⋆ denotes the Hodge
dual. In D ≥ 5 dimensions, however, one can add to the action a Chern-Simons
(CS) term A ∧ F n (n = D/2 − 1) for the Maxwell fields. Of particular interest is
the action in five dimensions, which describes minimal (N = 1) supergravity and is
known to admit black hole solutions with non-vanishing Killing spinors [48].
One of the main assumptions that we made in our calculations was that the
horizons are non-rotating. Extension of the phase space of solutions to include
rotation by relaxing the condition ω˜ = 0 would be of interest, which can be done
by using the framework for rotating horizons that was developed in [15].
The formalism presented here can be further extended by including torsion.
Recall that in §3 we assumed T I = 0 directly, which became crucial when we derived
the pull-back to ∆ of the connection. However, as the equation of motion for A
indicates, the torsion-free condition is not imposed in D ≥ 5 dimensions; in four
dimensions ΣIJKL = ǫIJKL so that equation (19) reduces to De = 0 by virtue of the
Bianchi identity DΩ = 0. If the torsion is non-zero in D ≥ 5 dimensions then the
pull-back to ∆ of A is not given by (34). In order to derive the modified pull-back of
A in the presence of torsion we would need to find ∇a
←−
ebI explicitly. In addition, the
Raychaudhuri equation would be different as well, and so the boundary conditions
would require a more careful analysis. The effects of torsion on isolated horizons
should therefore lead to some interesting consequences. This would be a particularly
interesting project to work out in five dimensions, for which a constant-curvature
black hole is known to have an entropy that is proportional to the surface area of the
inner horizon rather than the event horizon [49]. To study this curiosity within the
isolated horizon framework would require a modification of the boundary conditions
from horizon topology R × S3 to R3 × S1, which is more or less a dimensional
continuation of the three-dimensional isolated horizons that was developed in [11].
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A Restrictions to the Riemann tensor on ∆
In this appendix we show that for a weakly isolated and non-rotating horizon
Ω IJab
←−
≈ ϑ(k)a ϑ(l)b R ijkl ϑ I(i)ϑ J(j) + 2ℓ[Iϑ J ](i) Ω KLab←− ϑ
(i)
KnL , (53)
as stated in equation (36).
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First we establish some notation. The pull-back operator onto ∆ may be written
as
q ba = g
b
a + ℓan
b , (54)
while the pull-back operator into the tangent subspace spanned by the spacelike
θa(i) is
q˜ ba = g
b
a + ℓan
b + naℓ
b = q ba + naℓ
b (55)
and q˜ab is also the metric on this subspace. We also define the angular momentum
density
ω˜a ≡ q˜ ba ωb . (56)
It is clear that
ωa = −κ(ℓ)na + ω˜a , (57)
and so a horizon is non-rotating if and only if ω˜a vanishes.
In thinking about these quantities it is useful to keep in mind the case where ∆ is
foliated into spacelike (D−2)-surfaces Sv which are labelled by a parameter v and n
is chosen to be −dv. Then ℓa evolves the foliation surfaces while ℓa and na together
span the normal bundle T⊥(Sv) on which ω˜a is the connection. Furthermore, the
ϑa(i) span the tangent bundle T (Sv) and q˜ab is the metric tensor for the Sv.
We now turn to the Riemann tensor with the first two indices pulled back to ∆.
By definition,
R cab
←−
dℓ
d = −q ea q fb (∇e∇f −∇f∇e)ℓc , (58)
and with the horizon identity ∇ a
←−
ℓb = ωaℓ
b along with the decomposition (57), a
few lines of algebra gives
R cab
←−
dℓ
d =
(
−2n[ad˜b]κ(ℓ) + 2q˜ e[a q˜ fb] d˜eω˜f − 2n[aq˜ fb] Lℓω˜f
)
ℓc , (59)
where d˜a is the covariant derivative that is compatible with the metric q˜ab. For a
weakly isolated horizon the zeroth law ensures that d˜aκ(ℓ) = 0 and if the horizon is
non-rotating then ω˜ = 0 also, whence
R cab
←−
dℓ
d = 0 . (60)
Finally, using this result and (55) it is straightforward to see that
Rab
←−
cdϑ
c
(i)ϑ
d
(j) = q˜
e
a q˜
f
b Refcdϑ
c
(i)ϑ
d
(j) . (61)
From here one can use the fact that
d˜ad˜bϑ
(i)
c = q˜
d
a q˜
e
b q˜
f
c ∇d
(
q˜ ge q˜
h
f ∇gϑ(i)h
)
, (62)
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and the identity for the Riemann tensor Rabcd associated with q˜ab
Rabcdϑ(i)d =
(
d˜ad˜b − d˜bd˜a
)
ϑ(i)c , (63)
along with (55) to show the Gauss relation
q˜ ea q˜
f
b q˜
g
c q˜
h
d Refgh = Rabcd +
(
k(ℓ)ac k
(n)
bd + k
(n)
ac k
(ℓ)
bd )− (k(ℓ)bc k(n)ad + k(n)bc k(ℓ)ad
)
. (64)
Here k
(ℓ)
ab = q˜
c
a q˜
d
b ∇cℓd and k(b)ab = q˜ ca q˜ db ∇cnd are the extrinsic curvatures associated
with ℓa and na. However, k
(ℓ)
ab = (1/2)θ(ℓ)q˜ab+σab, and on a non-expanding horizon
both the expansion and shear vanish. Thus for the cases in which we are interested
q˜ ea q˜
f
b q˜
g
c q˜
h
d Refgh = Rabcd . (65)
Then equation (36) directly follows on expanding the frame indices of Ω IJab
←−
in
terms of the ℓI , nI and ϑ I(i), and applying (60) and (65).
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